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Outline

Mild Context-Sensitivity
Context-Sensitive Tree Transductions
Path Analysis of TAG
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Mild Context-Sensitivity

Joshi(1985)
Inclusion of context-free languages
Parsing problem solvable in polynomial time
Constant growth
Upper bound on cross-serial dependencies
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Incompatibility of Current Formalizations

1 MREGT − CFTOI 6= ∅
L = {a(t, t)}
t an arbitrary tree over b(2), e(1).

2 MREGT − CFTIO 6= ∅
L = {a(t, t ′)}

3 CFTsp −MREGT 6= ∅
L = {an(bn(e))}
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Some Classes of Tree Languages

CFTIO CFTOI

TR(HR)

CFTsp MREGT
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Reflection on Regular Tree Structures

Basic idea: Feferman
“Formal consistency statemens are just one kind of statement of
trust in the correctness of a system; more general such
statements are called reflection principles, because they result
from reflecting on what has led one to accept that system in the
first place.” (S. Feferman, In the Light of Logics, pp. 17f)
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Linear Bounds on Second-Order Substitution

Mildly Context−Sensitive Structures

Derivation Trees

(MSO, RTG, FSTA)

(simple)
  ATT

(simple)
 MTT

TWA

def (MSO)∆

Linguistic Models/Theories

GB, Minimalism, TAG, HPSG
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Weakly equivalent mildly context-sensitive languages

Pregroups & Tupling languages defined by pregroups with tupling
MCFL languages generated by multiple context-free grammars
MCTAL languages generated by multi-component tree adjoining

grammars
LCFRL languages generated by linear context-free rewriting sys-

tems
LUSCL languages generated by local unordered scattered con-

text grammars
STR(HR) languages generated by string generating hyperedge re-

placement grammars
OUT (DTWT ) output languages of deterministic tree-walking tree-to-

string transducers
yDTfc(REGT ) yields of images of regular tree languages under deter-

ministic finite-copying top-down tree transduction
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Models of (tree) transformations

Operational tree transducers

τ ⊆ TΣ × TΩ

Tree transducers transform trees over Σ, i.e., elements of TΣ into trees
over Ω, i.e., into elements of TΩ.
Tree transducers are devices in which the translation of an input tree
t ∈ TΣ may be defined in terms of its subtrees and, in addition, in terms
of its context.
Different ways to handle context information lead to different types of tree
transducers:
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Top-down tree transducer

Top-down tree transducers are finite state devices that transform in a
strict recursive top-down manner an input tree into an output tree.

Definition (Top-Down Tree Transducer)
A top-down tree transducer is a tuple T = (Q,Σ,Ω, q0,R) where Σ and Ω
are ranked alphabets, called the input and output alphabet, respectively, Q
is a unary alphabet of states, q0 is the initial state and R is a finite set of
rules of the following form:

q(σ(x1, . . . , xm))→ ξ

where q ∈ Q, σ ∈ Σm and ξ ∈ TΩ(〈Q,Xm〉), i.e. a tree over Ω ∪ 〈Q,Xm〉
where each pair of a state q and a variable xi is considered as an element
of rank zero.
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Top-down tree transducer

Definition
The relation

τT = {(s, t)|s ∈ TΣ, t ∈ TΩ, (q0, s)
∗⇒T t}

is the tree transduction realized by the top-down tree transducer T .
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Example (Shieber)

Let T = (Q,Σ,Ω, q0,R) be such that Q = {q0, q1, q2},
Σ = Ω = {a(0), b(0), f (2)} and R is the set of the following rules:

q0(a) → a
q0(b) → b

q0(f (x , y)) → f (f (q0(x), q1(y)), q2(y))
q1(f (x , y)) → q0(x)
q2(f (x , y)) → q0(y)

This transducer changes trees over Σ of shape f (t1, f (t2, t3)) into trees in
left-associative form, i. e., into f (f (t1, t2), t3).
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Macro Tree Transducer

Macro tree transducers (MTT) are much more powerful devices. They are
a model of tree transformation that transduces, again in a recursive
top-down fashion, an input tree into an output tree, handling context
information in an implicit way. The elements of context information do not
have explicit names, but are passed along as parameters of the states in
this kind of translation device.
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Macro Tree Transducer

Definition
A macro tree transducer is a tuple M = (Q,Σ,Ω, q0,R), where Q is a
ranked alphabet of states, Σ and Ω are ranked alphabets of input and
output symbols, respectively, q0 ∈ Q0 is the initial state and R is a set of
rules of the following form

(q, σ(x1, . . . , xm))(y1, . . . , yn)→ ξ

where q ∈ Qn, σ ∈ Σm and ξ ∈ T(Q,Xm)∪Ω(Yn) with
rank(q, xi ) = rank(q).

The subtrees of the input are represented by input variables
Xm = {x1, . . . , xm} and the context information is handled by parameters
Yn = {y1, . . . , yn}.
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Macro Tree Transducer

Remark: If every state in Q has rank zero, then M is a top-down
transducer. Macro tree transducers can therefore be regarded as a
context-sensitive extension of top-down transducers.

Definition
The relation

τ = {(s, t)|s ∈ TΣ, t ∈ TΩ, (q0, s)
∗⇒M t}

is the tree transduction realized by the macro tree transducer M.
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Example (Engelfriet, Vogler)

Let Σ be a ranked alphabet and let Ω be another ranked alphabet such
that Ω = {σ′|σ ∈ Σ} ∪ {nil} where every σ′ ∈ Ω is of rank two and nil of
rank zero.
With every finite sequence s = (t1, . . . , tn) (ti ∈ TΣ) we can associate a
corresponding binary tree bin(s) over Ω:

n ≥ 1: bin(t1, . . . , tn) = σ′(bin(s1, . . . , sm), bin(t2, . . . , tn) where
t1 = σ(s1, . . . , sm)

n = 0: bin( ) = nil where ( ) indicates the empty sequence.
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Example (Engelfriet, Vogler)

The following macro tree transducer Mbin = ({q0, p(2)},Σ,Ω, q0,R) with
R containing the rules:

q0(σ(x1, . . . , xm))→ σ′(p(x1, p(x2, . . . , p(xm, nil) . . . )), nil)
p(σ(x1, . . . , xm), y)→ σ′(p(x1, p(x2, . . . , p(xm, nil) . . . )), y)

realizes the transduction:

τM = {(s, bin(s))|s ∈ Σ, bin(s) ∈ Ω}
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Example (Engelfriet, Vogler)

Remark: The transducer Mbin is linear and non-deleting in both the input
and the parameter variables. According to a result due to Engelfriet and
Maneth the output languages of linear and non-deleting macro tree
transducers applied to regular tree languages are exactly the tree languages
generated by linear and non-deleting context-free tree grammars.
These tree languages may be viewed as straightforward extensions of the
family of tree adjoining languages.
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Context-Free Tree Grammars

Definition
Disregarding the input of a macro tree transducer one obtains a
context-free tree (CFT ) grammar. A CFT grammar is a tuple
G = (F ,Ω, S,P) where F and Ω are ranked alphabets of nonterminals
and terminals, respectively, S ∈ F0 is the start symbol and P is a finite set
of productions of the form

F (y1, . . . , ym)→ ξ

where F ∈ F and ξ is a tree over F , Ω and Ym.
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Context-Free Tree Grammars

Intuitively, the application of a production of the form F (y1, . . . , ym)→ ξ
rewrites a (sub-)tree rooted in F as the tree ξ′ in which the parameters yi
occurring in ξ are replaced by F ’s daughters.

A =

...
...

...

CF-T
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CFTsp

CFTsp := Tree families generated by context-free tree grammars which are
simple in the parameters, i.e., linear and non-deleting.
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CFTsp

Example: Consider the following simple CFT grammar G = (F ,Ω, S,P)
where F = {S ′, S}, Ω = Ωbin and P contains the rules:

S ′ → σ′(S(S . . . S(nil) . . . ), nil)

S(y)→ σ′(S(S . . . S(nil) . . . ), y)

The grammar G is a notational variant of Mbin. In the way of illustration,
take the case of Σ = {σ(2), γ(1), α(0)}. Mbin would transform σ(γ(α), α)
into σ′(γ′(α′(nil , nil), α′(nil , nil)), nil).
G does not generate the regular language TΩ. E.g., α′(α′(nil , nil), nil) is
not a sentence generated by G .
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Tree Adjoining Grammars

Theorem (Fujiyoshi and Kasai, Mönnich)
The class of string languages generated by monadic context-free tree
grammars coincides with the class of string languages generated by TAGs

Theorem (Shieber)
The class of string languages generated by TAGs coincides with the yields
of output tree languages of simple monadic macro tree transducers.

Theorem (Kepser and Rogers)
the class of languages definable by non-strict TAGs is exactly the class of
tree languages definable by monadic linear context-free tree grammars.
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Monadic Context-Free Tree Grammars

A =

TAL
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Regular Word Grammars

=

A

REG
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Regular Tree Grammars

=

A

REG-T
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Attributed Tree Transducer

Attributed tree transducers are a variant of attribute grammars in which
all attribute values are trees. Like macro tree transducers, attributed tree
transducers can handle context information. However, in this model of tree
transduction context information is treated in an explicit way. Besides
meaning names which transmit information in a top-down manner,
attributed tree transducers contain explicit context names which allow
information to be passed down from a node to its descendants.
Consequently, arbitrary tree walks can be realized by attributed tree
transducers.
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Knuth (Kühnemann/Vogler)
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ATT

Definition
An attributed tree transducer (ATT) is a tuple
A = (Syn, Inh,Σ,Ω, αm,R), where Syn and Inh are disjoint alphabets of
synthesized and inherited attributes, respectively, Σ and Ω are ranked
alphabets of input and output symbols, respectively, αm is a synthesized
attribute, and R is a finite set of rules of the following form:
For every σ ∈ Σm, for every (γ, ρ) ∈ insσ (the set of inside attributes of
σ), there is exactly one rule in Rσ:

(γ, ρ)→ ξ

where ξ ∈ TΩ∪outσ and outσ is the set of outside attributes of σ.
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ATT

Definition
For every σ ∈ Σm, the set of inside attributes is the set

insσ = {(α, π)|α ∈ Syn} ∪ {(β, πi)|β ∈ Inh, i ≤ m}

and the set of outside attributes is the set

outσ = {(β, π)|β ∈ Inh} ∪ {(α, πi)|α ∈ Syn, i ≤ m},

where π and ρ are path variables ranging over node occurrences in the
input tree.
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ATT

The dependencies between attribute occurrences in an input tree s can be
represented with the help of Rσ. An instance of an attribute occurrence
(α, π) depends on another occurrence (α′, π′) if σ labels node u in s, Rσ
contains the rule (α′, π′)→ ξ and (α, π) labels one of the leaves in ξ.
An attributed tree transducer is noncircular if the paths of attribute
dependencies are noncircular. It is well known that noncircular ATT s have
unique decorations dec., functions which assign each attribute occurrence
a tree over Ω ∪ outσ in accordance with the productions Rσ.

Uwe Mönnich um@sfs.uni-tuebingen.de http://tcl.sfs.uni-tuebingen.de/~um ( Theoretische Computerlinguistik Seminar für Sprachwissenschaft Universität Tübingen )How to Church a Joshi June 7th, 2008 31 / 47

um@sfs.uni-tuebingen.de
http://tcl.sfs.uni-tuebingen.de/~um


logo

ATT

Definition
The transduction realized by a noncircular attributed tree transducer A is
the function

τA = {(s, t)|s ∈ Tσ, t ∈ TΩ, t = decs(αm, ε)}
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ATT

Remark: ATTs which have synthesized attributes only are very close to
top-down tree tranducers. Their rules

(γ, ρ)→ ξ in Rσ

correspond to rules
α(σ(x1, . . . , xm))→ ξ′

where σ ∈ Σm and ξ′ is obtained from ξ by substituting every (α, πi) by
α(xi ).
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Monadic Context-Free Tree Grammar (Normal Form)

Definition (Monadic Context-Free Tree Grammar)
A monadic context-free tree grammar (MCFTG) is a 5-tuple
Γ = 〈F0 ∪ F1,Σ, S,P〉, i.e., a CFTG, where all the rules in P are of one of
the following “unary” types (A,B,C ,Bi ∈ F1 ∪ F0, 1 ≤ i ≤ n, a ∈ Σ):

A −→ a
A −→ B(C)

A(x) −→ a(B1, . . . ,Bi−1, xi ,Bi+1, . . . ,Bn)

A(x) −→ B1(B2(. . .Bn(x) . . . ))

Uwe Mönnich um@sfs.uni-tuebingen.de http://tcl.sfs.uni-tuebingen.de/~um ( Theoretische Computerlinguistik Seminar für Sprachwissenschaft Universität Tübingen )How to Church a Joshi June 7th, 2008 34 / 47

um@sfs.uni-tuebingen.de
http://tcl.sfs.uni-tuebingen.de/~um


logo

Classical Example of TAG as MCFTG

Consider the MCFTG
ΓTAG = 〈{S,S ′, S1, S2, a, b, c, d}, {a, b, c, d , ε,St , S0

t }, S ′,P〉
corresponding to the classical TAG example with P given as follows

S ′ −→ S(ε) a −→ a
S(x) −→ S1(S(S2(x))) b −→ b
S(x) −→ S0

t (x) c −→ c
S1(x) −→ St(a, x , d) d −→ d
S2(x) −→ St(b, x , c)
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An example derivation of the MCFTG ΓTAG

S′ =⇒
S

ε
=⇒

S̄1

S

S̄2

ε

=⇒

S̄1

S̄1

S

S̄2

S̄2

ε

=⇒

St

a St

a S0
t

St

b St

b ε c

c

d

d
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From MCFTG to MTT

The construction of a macro tree transdcuer that outputs the same tree
language that is generated by a given monadic context-free tree grammar
proceeds as follows: as input one takes the derivation trees and as states a
finite set of natural numbers, where the arity of the input symbols
correspond to the number of nonterminals in the right-hand side of the
corresponding production from the given grammar and the arity of the
states is provided by the number of free (parameter) variables in the
right-hand sides of the productions associated with a certain nonterminal,
which is either zero or one in the simple case of monadic context-free tree
grammars.
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Example MTT
According to these stipulations we arrive at the following macro tree
transducer M = (Q,Σ,Ω, q0,R), where Q = {0, 1},Σ = {p0, . . . , p8}
(each pi corresponding to a production in the previous example), q0 = {0}
and R consisting of the rules:

〈0, p0(x)〉 → 〈1, x〉(ε)

〈1, p1(x1, x2, x3)〉(y)→ 〈1, x1〉(〈1, x2〉(〈1, x3〉(y)))

〈1, p2〉(y)→ S0
t (y)

〈1, p3(x1, x2)〉(y)→ St(〈0, x1〉, y , 〈0, x2〉)
〈1, p4(x1, x2)〉(y)→ St(〈0, x1〉, y , 〈0, x2〉)

〈0, p5〉 → a
〈0, p6〉 → b
〈0, p7〉 → c
〈0, p8〉 → d
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From MTT to ATT

For a given simple macro tree transducer M = (Q,Σ,Ω, q0,R) an
attributed tree transducer A = (Syn, Inh,Σ,Ω, q0,R ′) that realizes the
same translation is defined in the following way.

Syn = Q
Inh = {yj |1 ≤ j ≤ m, with m the maximal arity of a state q ∈ Q}
If 〈q1, σ(x1, . . . xn)〉(y1, . . . , ym)→ ξ is an element of R then R ′σ is
specified for both the synthesized and inherited attributes by
structural induction on the right-hand side ξ:

(q, π)→ ϑ(ξ),

where ϑ substitutes 〈q, xi〉 in ξ by (q, πi ) and yj by (yj , π)

(yj , πi )→ ϑ(ξj),

where ξj occurs in the jth parameter position of some 〈q, xi〉 in ξ.
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Example ATT

Applying the construction just outlined to the macro tree transducer of the
last example we obtain the following attributed tree transducer
A = (Syn, Inh,Σ,Ω, q0,R ′):

Syn = {0, 1}
Inh = {y}
Σ = {p0, . . . , p8}
Ω = {a, b, c, d , ε,St ,S0

t }
q0 = 0
R ′ =

⋃
pi
R ′pi
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Example ATT

R ′p0 = {(0, π)→ (1, π1)

(y , π1)→ ε}
R ′p1 = {(1, π)→ (1, π1)

(y , π1)→ (1, π2)

(y , π2)→ (1, π3)

(y , π3)→ (y , π)}
R ′p2 = {(1, π)→ S0

t (y , π)}
R ′p3 = R ′p4 = {(1, π)→ St((0, π1), (y , π), (0, π2))}

R ′p5 = {(0, π)→ a}
R ′p6 = {(0, π)→ b}
R ′p7 = {(0, π)→ c}
R ′p8 = {(0, π)→ d}
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Attributed derivation tree with semantic dependency
relations

y
(1,122) p3,5,8

1
St(a,(y,121),d)

y
(1,123) p2

1
S0

t (y,122)
y

(1,12) p4,6,7
1

St(b,(y,123),c)

y
(1,12) p3,5,8

1
St(a,(y,11),d)

y
(1,13) p1

1
(1,121)

y
(y,1) p4,6,7

1
St(b,(y,13),c)

y
(0,2) p1

1
(1,11) p′′

0
0
ε

p′
0

0
(1,1)
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Final Result

Lemma
For any monadic context-free tree grammar G, there is a monadic
context-free tree grammar G ′ in Greibach normal form such that

L(G ′) = L(G)

We are now in a position to state the main result of this talk:

Theorem
For every monadic context-free tree grammar G, there is an equivalent
single use restricted attributed tree transducer with one synthesized
attribute only which is direction preserving/reversing (i.e., dependency
relations correspond to direction preserving or to direction reversing paths
in the input tree).
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Envoi

TAG ' Direction preserting/direction reversing ATTSUR, I-S

MG ' Direction preserving ATTSUR

HPSG ' ?
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